Quantum anomalous Hall effect has been predicted in HgMnTe quantum wells with an out-ofplane magnetization of Mn atoms. However, since HgMnTe quantum wells are paramagnetic, an out-of-plane magnetic field is required to polarize magnetic moments of Mn atoms, which inevitably induces Landau levels and makes it difficult to identify the origin of the quantized Hall conductance experimentally. In this work, we study the quantum anomalous Hall effect in the presence of an inplane magnetic field in Mn doped HgTe quantum wells. For a small out-of-plane magnetic field, the in-plane magnetic field can drive the system from a normal insulating state to a quantum anomalous Hall state. When the out-of-plane magnetic field is slightly above the transition point, the system shows a reentrant behavior of Hall conductance, varying from −e 2 /h to 0 and back to −e 2 /h, with increasing in-plane magnetic fields. The reentrant quantum anomalous Hall effect originates from the interplay between the exchange coupling of magnetic moments and the direct Zeeman coupling of magnetic fields. The calculation incorporating Landau levels shows that there is no qualitative change of the reentrant behavior.
I. INTRODUCTION
When a two-dimensional (2D) electron gas moves in an external magnetic field perpendicular to the 2D plane, Lorentz force can induce a transverse current of electrons, known as the Hall effect [1] . In 1980, K. von Klitzing discovered the quantum version of the Hall effect, the quantum Hall (QH) effect [2] , in which Hall conductance can be exactly quantized to an integer number in the unit e 2 h due to the formation of Landau levels in strong magnetic fields. For a non-zero quantized Hall conductance, time reversal breaking is required, but strong magnetic fields, as well as Landau levels, are not necessary. In 1988, Haldane [3] first proposed a theoretical model to realize the QH effect without Landau levels, which was mainly of academic interest [4] at that time and has been overlooked for almost twenty years. Recently, it is realized that the quantized Hall conductance can also be induced by the exchange coupling of magnetic moments [5] , which provides a possibility to realize this effect in magnetic materials. Several realistic systems, including Mn doped HgTe quantum wells [6] , magnetic impurities doped Bi 2 Se 3 thin films [7] , GdBiTe 3 thin films [8] , etc [9] [10] [11] , have been proposed to possess the quantized Hall conductance. In analog to the anomalous Hall effect, where the Hall effect is induced by the exchange coupling of magnetic atoms in ferromagnetic conductors, the QH effect in these systems are dubbed as the "quantum anomalous Hall" (QAH) effect. After the successful discovery of topological insulators [12, 13] , a large experimental effort has been made to persue the realization of the QAH effect [14] [15] [16] , and recently the QAH effect has been realized in the Crdoped (BiSb) 2 Te 3 thin film [17] .
The QAH effect was predicted in HgTe/CdTe quantum wells doped with magnetic ions Mn [6] when the magnetic moments are polarized along the out-of-plane direction.
However, HgMnTe is a paramagnetic material, rather than a ferromagnetic material, a small magnetic field is required to polarize Mn magnetic moments. Consequently, the conventional QH effect due to Landau levels of magnetic fields coexists with the QAH effect induced by magnetization and it is difficult to identify the origin of the quantized Hall conductance because these two effects are topologically equivalent. Thus, it is desirable to find an experimentally feasible approach to distinguish these two effects.
The orbital effect, as well as Landau levels, can only be induced by an out-of-plane magnetic field. In contrast, the direct Zeeman coupling of magnetic fields and the exchange coupling of magnetic moments exist for any direction of magnetic field. Therefore, the in-plane magnetic field provides a suitable tool to separate the exchange coupling or Zeeman coupling from the orbital effect of magnetic fields. Motivated by this idea, we study the influence of in-plane magnetic fields on the QAH effect in HgMnTe quantum wells. With increasing the in-plane magnetic field, a reentrant behavior appears in a certain regime of the out-of-plane magnetic field. The reentrant behavior of the QH states [18] [19] [20] and other topological states [21] have been discussed in literatures and usually have quite different origins. In the present study, the reentrant QAH effect for the in-plane magnetic field occurs as a result of the competition between the exchange coupling of magnetic moments and the in-plane direct Zeeman coupling. This behavior is absent if there is no magnetic moments, so it can be viewed as a direct proof of the influence of magnetic moments on the QAH effect.
The paper is organized as follows: In Sec. II, the model Hamiltonian and the formalism are given. In Sec. III, we present the in-plane magnetization induced QAH effect at a fixed out-of-plane magnetization. In Sec. IV, the stability of the QAH effect in the presence of Landau levels (LL) is examined. Finally, we conclude with the discussion in Sec. VI.
II. MODEL HAMILTONIAN
In this section, we first introduce our model Hamiltonian for the Mn-doped HgTe quantum wells. The effective Hamiltonian is written in the basis of |E1+ , |H1+ , |E1− , |H1− , with E1 and H1 denote electron and heavy hole sub-bands and ± for opposite spin states. The form of the effective Hamiltonian is given by [22] 
,where the Pauli matrices τ denote the E1 and H1 states and σ indicates the spin states. We denote the growth direction as the z-direction and the quantum well plane as xy plane. The first term is the same as the effective model for HgTe quantum wells, first obtained by Bernevig, Hughes and Zhang, known as BHZ model [22] . The parameters m, B, A, C, D in the BHZ model depend on the material details and can be found in Ref. [21, 23] H m describes the spin splitting of electron and hole subbands and its form is given by
, where
Here the vectors g e (g h ) couples to electron (hole) spin and describe the spin splitting for the E1 (H1) sub-bands for magnetic fields along different directions. There are two types of contribution for spin splitting, one from the direct Zeeman coupling of magnetic fields and the other from the exchange coupling to Mn doping, so the form of spin splitting is given by [6, 24] 
The first term gives the Zeeman coupling with the gfactor g zm e(h)i and the magnetic field B i , while the second term describes the exchange coupling to Mn doping, given by
whereg e(h)i is the coupling constant between electron (hole) band and Mn spin S. Eq.5 is the mean field approximation of the Mn magnetization andê denotes the direction of the magnetic field, S 0 = 5/2 is the Mn spin, g Mn = 2 is the g-factor of Mn , T 0 ≈ 2.6K is to rescale the temperature to take into account the antiferromagnetic interaction between Mn ions [25] and B 5/2 is the Brillouin function. In the spin splitting (3), the Zeeman terms depends linearly on magnetic fields while the exchange coupling has a complicated non-linear dependence. Due to the quantum wells configuration, the g-factors g zm e(h)i and g exc e(h)i for the spin splitting are assumed to be isotropic in the xy plane, but different for the z direction. Without loss of generality, we only consider the x direction for the in-plane magnetic fields below. The parameters of the Hamiltonian (2) can be found in Ref. [6, 21] . In the realistic systems, the in-plane spin splitting for the heavy hole sub-band depends on the cubic order of magnetic field B and magnetic moments S [26] , which is neglected in the following (g hx =g hy = g zm hx = g zm hy = 0).
III. THE REENTRANT QAH EFFECT
The QAH effect in HgMnTe quantum wells with only z-direction magnetization has been investigated in the Ref. [6] . For zero in-plane magnetic field, it has been shown that the QAH phase can be realized in the regime g ez g hz < 0 and |g 2z | > |m|, while it is a normal insulator when |g 2z | < |m|. In the following, we will investigate how the in-plane magnetic fields, as well as the in-plane magnetization, affect the phase diagram of this system. Since the quantized Hall conductance can only be changed when the bulk band gap is closed, two phases will share the same Hall conductance if they can be adiabatically connected without closing band gap. Therefore, one can identify the Hall conductance in a finite in-plane magnetic field by adiabatically connecting to the regime with zero in-plane magnetic field.
We plot the energy gap for the Hamiltonian (1) in Fig.  1(c) for B x and B z with the realistic parameters taken from Ref. [21] for HgMnTe quantum wells. The phase diagram is separated into three insulating regimes by the metallic lines, as depicted by the black lines in Fig. 1(c) . For B x = 0, the Hall conductance is known [6] to be ± e 2 h when |B z | is larger than a critical value |B zc | and zero when |B z | < B zc . Therefore, the Hall conductance of each insulating regime can be identified by adiabatic connection, as shown in Fig.1(c) . We find that with increasing B x , the critical z-direction magnetic field, as depicted by the metallic lines, first increases and then drops down to zero. For a fixed small B z (the line B z = 0.2T in Fig.1(c) ), the system is driven from a normal insulator to a QAH insulator with Hall conductance −e 2 /h by increasing B x . More interestingly, when B z = 0.6T , the Hall conductance σ xy undergoes the transitions from −e 2 /h to 0 to −e 2 /h, showing a reentrant behavior for the QAH effect. This behavior is merely due to Zeeman coupling and exchange coupling rather than orbital effect since Landau levels are not considered in this calculation. In the following, we will discuss the physical picture of reentrant behavior of the QAH effect due to in-plane magnetic fields.
To understand the transition, we first consider the case with either g 1 = 0 or g 2 = 0, in which the Hamiltonian can be solved analytically. In both cases, the results are qualitatively the same. Here, we show the result of g 1 = 0. After diagonalization, the dispersion is
where s, t = ±, k
is the strength of spin splitting. The energy gap is given by
The gap-closing lines in terms of g 2x and g 2z are shown in Fig.3 , separating three insulating phases. When |g| > |m| and g 2z = 0, the system always stays in the QAH phase, regardless of the magnetization direction. The Hall conductances for positive and negative B z have opposite signs [6] , which are separated by the metallic lines along g 2z = 0 and |g| > |m|.
The analytic model suggests that the key factor for the normal insulator-QAH insulator transition is the strength of spin splitting |g|, instead of the direction of magnetic fields or magnetization. The magnetization direction does not have to be out-of-plane for the QAH effect to arise. For B z = 0.2T , the spin splitting induced by z-direction magnetic field is not strong enough to induce the QAH state. With increasing the in-plane magnetic field, the total spin splitting is significantly enhanced, leading to the transition from the normal insulator to the QAH insulator at B x = 9.5T , which is consistent with the above analytical solution. The reentrant behavior at B z = 0.6T results from the competition between the exchange coupling of magnetic moments and the direct Zeeman coupling of magnetic fields. For a small in-plane magnetic field B x , the exchange coupling is much stronger than the direct Zeeman coupling. So the spin splitting g e(h) is dominated by the exchang term g exc e(h) and the direct Zeeman coupling part can be neglected. From the Kane model calculation, it turns out that the coupling constant of exchange coupling is strongly anisotropic [21, 23] , and z-direction coupling is much stronger than the in-plane coupling. Consequently, when the magnetic moments of Mn atoms are tilted into x-direction due to the increase of B x , the spin splitting is reduced significantly, which leads to the transition from the QAH phase to the normal insulating phase. With further increasing in-plane magnetic field, the direct Zeeman term, which grows linearly with B x , is eventually dominant over the exchange term, which saturates at high magnetic fields. Thus, the system is driven back to the QAH phase. To verify this physical picture, we plot the spin splitting of E1 and H1 sub-bands as a function of B x in Fig.1(a) . The green and blue curves show the rapid reduction of the z-direction spin splitting of E1 and H1 sub-bands respectively, as B x increases. As a result, it leads to the transition from a QAH state to a normal insulating state at B x ≈ 2.3T . The red curve shows the growth of x-direction spin splitting and it eventually leads to the transition from normal insulating to QAH phase at B x = 7T . We would like to emphasize that the reentrant behavior is unique for the HgTe quantum wells with Mn doping. Without Mn doping, there is no exchange coupling to magnetic moments and consequently, we only find the transition from the normal insulator to the QH insulator regime, which is shown in Fig 2. For all the calculations above, the g-factors were estimated from Kane model calculation, which, to the best of our knowledge, have never been carefully identified in experiments. The anisotropy of the hole g-factor has been shown experimentally in p-type bulk HgMnTe [27] , which is consistent with parameters estimated from the Kane model. The qualitative picture of the reentrant behavior is independent of the parameter details.
IV. LANDAU LEVELS WITH THE IN-PLANE MAGNETIZATION
In the above, we show the phase diagram of the QAH effect with both the in-plane and out-of-plane magnetic fields and find a novel reentrant behavior due to the combination of the exchange coupling and the direct Zeeman coupling. However, due to the non-zero B z , the formation of Landau level is inevitable. Therefore, it is natural to examine whether the reentrant behavior still exists after taking into account the orbital effect of Landau levels. Landau levels can be calculated by taking into account the orbital effect of magnetic fields in the model Hamiltonian (1) with the standard Peierls substitution [24, 28] , which is described in details in the appendix. The Landau level fan chart is plotted in Fig. 4 , with the Fermi level set at 0.3 meV (the blue line). Fig. 4 (a) shows the Landau levels without B x , while Fig. 4 (b) and (c) show how the Landau level evolves with B x at B z = 0.2T and B z = 0.6T , respectively. In Fig. 4 (b) , the system stays in the normal insulating regime for zero B x , and is driven to the regime with −e 2 /h with increasing B x , similar to the line B z = 0.2T in Fig.1(c) . For B z = 0.6T, before turning on B x , the Hall conductance is σ xy = −e 2 h . The Fermi level crosses the electron zero mode twice and the Hall conductance undergoes the transitions from −e 2 /h to 0 to −e 2 /h as increasing B x . Fig. 4 demonstrates the stability of the phase diagram given in Fig. 1 in the presence of Landau levels and the underlying reason for the reentrant behavior is the change of spin splitting, rather than the orbital effect.
V. CONCLUSION
In conclusion, we have shown that the in-plane magnetic field induces the QAH effect in HgMnTe quantum wells. A reentrant QAH effect is predicted as a result of the interplay between the exchange coupling and the direct Zeeman coupling. In addition, the reentrant behavior is stable in the presence of Landau levels, so it is feasible under the present experimental condition to verify this effect in HgTe quantum wells doped with Mn.
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VII. APPENDIX
In this appendix, we show the Landau level calculation in the presence of in-plane magnetization. The calculation follows the perturbation theory in the reference, for example, [29] . The full Hamiltonian is H BHZ + H m , where
H mx is the in-plane magnetization and is regarded as the perturbation to Landau levels. The unperturbed Hamiltonian H BHZ + H mz with the standard Peierls substitution [24, 28] is
, where the Hamiltonian for each spin-component is a 2 by 2 matrix.
, where l B = eBz is the magnetic length.
H o is block-diagonal, while H mx is off block diagonal. First, we calculated the eigenenergy and eigenstates for H o . The eigenstates are written as
where f nlj (j = 1, 2, 3, 4) are the coefficients of each eigenlevel of the Harmonic oscillator. n denotes the eigenlevel of the Harmonic oscillator, l = 1, 2, 3, 4, denotes the eigenstates of the effective 4 × 4 Hamiltonian, and j denotes the components of eigenvectors.
For convenience, we define
In this basis, the eigenvalues for the zero modes are
The eigenvalues for the non-zero modes are
The eigenvectors for zero-modes are
The eigenvectors for non-zero modes are
The positive sign is for the hole eigenstates, while the negative sign is for the electron states. In this basis, H 0 is diagonal. Then we project H mx onto this basis and the total Hamiltonian is diagonalized up to 20 Landau levels numerically. 
